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Abstract 
This article presents a method that uses physical optics (PO) techniques to compute the monostatic radar cross section (RCS) 
of electrically large conducting objects modeled by non-uniform rational B-spline (NURBS) surfaces. At the beginning, a new 
algorithm to convert recursive B-spline basis function into piecewise polynomials in power form is presented. Then, algorithm 
computes the polynomial representation of B-spline basis functions and NURBS surface geometric parameters are obtained. The 
PO integral over NURBS surfaces of an electrically large conducting object is used to predict the object’s RCS. The NURBS 
surface is divided into small piecewise polynomial parametric patches by isoparametric curves, and the PO integral expression 
over the parametric domain of each polynomial parametric patch is reduced to an analytical expression which permits an accu-
rate and effective computation of the PO integral by using a modified Ludwig’s algorithm. The RCS of the object can be ob-
tained by adding up the PO integral contribution of each polynomial parametric patch. The effectiveness of this method is veri-
fied by numerical examples.  
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1. Introduction1 
The non-uniform rational B-spline (NURBS) sur-
face modeling technique is currently widely used in 
aeronautic, automobile, ship and other industries be-
cause it provides great advantages in geometrical rep-
resentation for complex objects. A NURBS-based de-
scription is of particular use when treating problems of 
electromagnetic scattering from large conducting sur-
faces in the framework of high-frequency techniques 
like physical optics (PO)[1] and the uniform theory of 
diffraction (UTD)[2-3]. The PO technique requires the 
computation of double integrals with fast oscillating 
kernels, and the use of NURBS for describing complex 
surfaces can alleviate the numerical problems by con-
structing efficient quasi-analytical tools such as the 
stationary phase integration method[1,4], curvilinear 
integral approximation , ribbon integration tech-[5]
nique , splitting extrapolation method , current [6] [7]
modes approach[8-9] and Ludwig’s algorithm[10-11]. 
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When dealing with large and complex bodies, a com-
bination of geometrical optics (GO) and PO[12] or a 
new PO approach based on electric and magnetic cur-
rents[13] can be used for the multiple reflections analy-
sis. 
The numerical computation of geometrical parame-
ters, such as point coordinates and parametric deriva-
tives, would be easily performed if each NURBS sur-
face is transformed into a set of rational Bezier patches 
via the Cox-De Boor algorithm[14]. This is due to the 
Bernstein polynomials characteristic of more numeri-
cal stability with respect to the B-spline bases . For [1]
this reason, high-frequency techniques such as PO are 
not usually applied to a NURBS surface directly but 
rather to the rational Bezier patches making up the 
NURBS surface[1-4,10-13].  
This article applies the PO integral to the monostatic 
radar cross section (RCS) computation of electrically 
large perfect conducting objects modeled with NURBS 
surfaces. B-spline basis functions are expressed 
through piecewise polynomials. The obtained expres-
sions of the coefficients of the polynomials are con-
stant on the various knot spans. The straightforward 
polynomial representation of B-spline bases makes it 
easy to evaluate the PO integral directly over a 
NURBS surface by means of an efficient quasi-ana-
lytical tool. A modified Ludwig’s algorithm is adopted 
Open access under CC BY-NC-ND license.
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to evaluate the PO integral. Numerical results show the 
effectiveness of this method.  
2. Polynomial Representation of NURBS 
2.1. Definition and polynomial representation of B- 
spline basis functions 
Let U=[u0  u1  …  um] be a vector which consists 
of a non-decreasing sequence of real numbers, i.e. 
ui≤ui+1 (i=0,1,…, m−1), ui is knot and U the knot vec-
tor. The ith B-spline basis function of p-degree (order 
p+1), denoted by Ni,p(u), is defined as[15]  
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In this article, Ni,p(u) can also be expressed through 
the following polynomial: 
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The expression of the coefficients of the polynomial 
Ci,p,k can be obtained by combining Eq.(1) and Eq.(2): 
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Note that those coefficients depend only on the knot 
span [ui, ui+1) where u lies, i.e., they have a constant 
value on the various knot spansˈas shown in Fig.1. 
Consequently, the derivative of Ni,p is obtained as fol-
lows: 
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Fig.1  Piecewise polynomial representation of NURBS. 
2.2. Definition of NURBS surfaces 
A NURBS surface of p-degree in the u direction and 
of q-degree in the v direction is a bivariate vec-
tor-valued piecewise rational function in the following 
form[15]: 
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where Pi,j is a bidirectional control net, wi,j the weight, 
Ni,p(u) and Nj,q(v) are the NURBS basis functions de-
fined on the knot vectors 
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where r = n+p+1 and s = m+q+1. 
The polynomial representation can also be applied 
to the parametric space of the NURBS surfaces with 
the following formulas for the first order derivatives 
ru(u,v) and rv(u,v) of a NURBS surface: 
, , ,
0 0
( , ) ( , ) ( , )( , )
( ) ( )
u u
u n m
i p j q i j
i j
u v w u v u vu v
N u N v w
= =
−
=
¦¦
A rr       (6) 
, , ,
0 0
( , ) ( , ) ( , )( , )
( ) ( )
v v
v n m
i p j q i j
i j
u v w u v u vu v
N u N v w
= =
−
=
¦¦
A rr       (7) 
, , , ,
0 0
( , ) ( ) ( )
n m
u
u i p j q i j i j
i j
u v N u N v w
= =
=¦¦A P       (8) 
, , , ,
0 0
( , ) ( ) ( )
n m
v
v i p j q i j i j
i j
u v N u N v w
= =
=¦¦A P      (9) 
, , ,
0 0
( , ) ( ) ( )
n m
u
u i p j q i j
i j
w u v N u N v w
= =
=¦¦      (10) 
No.2 Fang Xiang et al. / Chinese Journal of Aeronautics 23(2010) 235-239 · 237 · 
 
, , ,
0 0
( , ) ( ) ( )
n m
v
v i p j q i j
i j
w u v N u N v w
= =
=¦¦        (11) 
1
, , ,
1
( ) ( )
p
u k
i p i p k
k
N u kC u u −
=
=¦            (12) 
1
, , ,
1
( ) ( )
q
v k
j q j q k
k
N v kC v v −
=
=¦            (13) 
Then, the B-spline basis functions of polynomial 
form defined by Eq.(2) and Eq.(3) make the computa-
tion of surface geometrical parameters, such as point 
coordinates and parametric derivatives more conven-
ient than those of recurrence form defined by Eq.(1). 
3. RCS Computation with PO Method 
Under the illumination of a monochromatic plane 
wave, according to the far field approximation, the 
RCS of an arbitrary conducting body modeled with 
NURBS surfaces predicted by PO is given by[10]   
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where λ is the wavelength, wkˆ the normalized wave 
vector, kw = 2π/λ the free space wave number. The 
surface points r′(u,v) are determined by Eq.(5), and the 
parametric derivatives ( , ), ( , )u vu v u v′ ′r r by Eq.(6) and 
Eq.(7). Eq.(15) can be rewritten into  
w
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where F(u,v) = wˆ [ ( , ) ( , )],u vu v u v′ ′⋅ ×k r r γ (u,v) = −2 wkˆ · 
r′(u,v). 
The double integral in Eq.(16) over a Bezier patch 
can be solved with a modified Ludwig’s algorithm[10]. 
For a NURBS surface defined by Eq.(5), the paramet-
ric domain [0,1]×[0,1] can be converted into a rectan-
gular grid made of M×N sub-domains using equi- 
spaced isoparametric lines both in the u direction and 
in the v direction. Thus, the integral in Eq.(16) over a 
NURBS surface can be divided into integrals over 
small parametric sub-domains: 
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[m/M, (m+1)/M]×[n/N, (n+1)/N ]. 
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The polynomial results of ΔEmn pertinent to four 
cases are shown by Eqs.(26)-(29), where Lt means a 
number very close to zero. 
Case 1: |jkwβmn|>Lt and |jkwξmn|>Lt 
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Case 2: |jkwβmn|<Lt and |jkwξmn|>Lt 
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Case 3: |jkwβmn|<Lt and |jkwξmn|<Lt 
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Case 4: |jkwβmn|>Lt and |jkwξmn|<Lt 
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In Eq.(26), as |jkwβmn| = 0 and |jkwξmn| = 0 are two 
singular points thus causing a problem of singularity in 
numerical calculation, the singular terms in Eq.(26) 
should be expanded in Taylor series to settle it. Simi-
larly, the ΔEmn from Eq.(27) to Eq.(29) for the other 
three cases are shown in a like series. In Refs.[10]-[11], 
the conditions |jkwγmn|<Lt and |jkwγmn|>Lt under which 
the above four cases are assigned seem to cut no ice 
with Taylor series expansion of the singular terms in 
Eq.(26), while the conditions |jkwξmn|<Lt and |jkwξmn|> 
Lt advanced in this article appear to be more reason-
able. 
A pre-partitioning process using the proposed 
polynomial representation of NURBS is needed in 
order to set up different parametric sub-domains 
[m/M, (m+1)/M] × [n/N, (n+1)/N], where the phase 
term kwγ (u,v) can be expressed by a simple bivariate 
linear form. The computational accuracy of the modi-
fied Ludwig’s algorithm for NURBS is determined by 
the selected values of M and N which can be deter-
mined by a phase term variation constraint. Practically, 
for a fixed value of u, the difference between kwγ (m/M, 
n/N) and kwγ (m/M, (n+1)/N) cannot exceed a threshold 
(for example, ±1 rad); and for a fixed value of v, the 
 
 
difference between kwγ (m/M, n/N) and kwγ ((m+1)/M, 
n/N) cannot exceed the same threshold. The accuracy 
of the results of ΔEmn is improved when the values of 
M and N increase. 
4. Numerical Results 
Numerical results of RCS for two different geome-
tries are presented in the following part. 
Fig.2 shows a circular flat plate with a radius of R = 
1 m, centered at the origin of Cartesian coordinates. 
The backscattered RCS of the circular flat plate de-
pends only on the aspect angle θ due to the circular 
symmetry, and the frequency of the incident field is 
10 GHz. The results from the proposed approach are 
presented in Fig.3, where they are compared with 
those in Ref.[16] which used an analytical representa-
tion of the backscattered RCS of the circular flat plate. 
 
Fig.2  A circular flat plate. 
 
Fig.3  Monostatic RCS of a circular flat plate. 
Fig.4 illustrates an ellipsoid centered at (0,0,0) m 
and defined by  
2 2
2 1
4 9
y zx + + =  
The frequency of the incident wave is 10 GHz. The 
monostatic RCS in a cut with ϕ = 45° is computed (see 
Fig.5). The effectiveness of the proposed method is 
verified against the results obtained with the PO ana-
lytical representation of the ellipsoid backscattered 
RCS given by Ref.[16].  
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Fig.4  An ellipsoid. 
 
Fig.5  Monostatic RCS of an ellipsoid vs aspect angle 
ș (ϕ = 45°). 
5. Conclusions 
This article applies the physical optics method to the 
monostatic RCS calculation of electrically large con-
ducting objects modeled by NURBS surfaces. A poly-
nomial representation of B-spline basis functions is 
presented to make NURBS surfaces more suitable for 
numerical computation, and a modified Ludwig’s al-
gorithm is adopted to calculate the PO integrals over 
NURBS surfaces. This proposed method provides a 
useful tool for high-frequency RCS computation. In 
addition, the polynomial representation of B-spline 
basis functions can be used together with other 
quasi-analytical tools such as the stationary phase in-
tegration method for the NURBS-based PO integral 
evaluation. 
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